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Multidimensional Tauberian theorems for vector-valued 

distributions 

Stevan Pilipovic and Jasson Vindas 



Abstract. We prove several Tauberian theorems for regularizing transforms 
of vector-valued distributions. The regularizing transform of / is given by 
the integral transform M^(x,y) = (/ * ipy){x), {x,y) G R" X R+, with ker- 
nel ifiy{t) = y~"ip{t/y). We apply our results to the analysis of asymptotic 
stability for a class of Cauchy problems, Tauberian theorems for the Laplace 
transform, the comparison of quasiasymptotics in distribution spaces, and we 
give a necessary and sufficient condition for the existence of the trace of a dis- 
tribution on {xq} X R™. In addition, we present a now proof of Littlowood's 
Tauberian theorem. 



Dedicated to the memory of Prof. V. S. Vladimirov and Prof. B. I. Zav 'yalov. 

1. Introduction 

Tauberian theory is an important subject which has shown striking usefulness 
in diverse areas of mathematics such as number theory, harmonic analysis, probabil- 
ity theory, differential equations, and mathematical physics. The one dimensional 
theory was intensively developed already in the first half of the 20th century and 
the main representative results from that period were collected in Wiener's work 
[55] and Hardy's monograph [15]; a more recent account can be found in Kore- 
vaar's book [20]. In contrast, the multidimensional Tauberian theory remained 
dormant until the 1970's. The breakthrough came with the work of the Russian 
mathematicians Vladimirov, Drozhzhinov, and Zav'yalov [3, 48], which led to the 
incorporation of generalized functions in the scopes of Tauberian theory. Their 
deep and extensive work resulted in a powerful Tauberian machinery for multidi- 
mensional Laplace transforms [50] and greatly contributed toward the foundation 
of the field of asymptotic analysis of generalized functions. 
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2 S. PILIPOVIC AND J. VINDAS 

The present article goes in the direction of their influential work. We shall 
here significantly improve the Tauberian theorems of Drozhzhinov and Zav'yalov 
for quasiasymptotics of tempered distributions from [5, 6]. We point out that our 
new Tauberian theorems contain as particular instances Meyer's results on wavelet 
characterizations of weak scaling exponents [24] and the Tauberian theorems from 
[47] for wavelet transforms by the authors and Rakic. 

We are interested in the following class of integral transforms. Fix ip e iS(M") 
and set </?!,(•) ~ y^"'ip{-/y). To a tempered distribution /, we associate the regulari- 
zing transform, or standard average according to [5, 6], given by the C°°-function 

(1.1) Mfix,y):^if*^y){x) , (x,?;) e M" x M+. 

In their seminal work [5, 6], Drozhzhinov and Zav'yalov showed that if one em- 
ploys a suitable kernel (p, then the scaling asymptotic behavior /(At) ^ c(X}g{t), 
in the sense introduced by Zav'yalov [57] and explained in Subsection 2.2 below, 
with respect to a regularly varying function c(A) can be characterized (up to possi- 
ble polynomial corrections) in terms of Tauberian theorems involving the angular 
asymptotic behavior of (1.1) plus a Tauberian estimate of the form 

(1.2) |M^'(Aa;,Ay)| s^ y"''0(c(A)), uniformly for \x\^ + y^ = 1. 

We will revisit the problem and obtain optimal results. Our main results are 
two Tauberian theorems, stated in Section 4. Our first task is the identification 
of the biggest class of kernels ip for which these Tauberian type theorems hold. 
Drozhzhinov and Zav'yalov proved that the Tauberian theorems are valid if ip, the 
Fourier transform of ip, satisfies a non-degenerateness requirement; specifically, if 
it has a Taylor polynomial at the origin that is non-degenerate, in the sense that 
such a Taylor polynomial does not identically vanish on any ray through the origin. 
We will identify the biggest class of kernels associated to this Tauberian problem 
by finding a more general condition of non-degenerateness. It turns out that the 
structure of the Taylor polynomials of (p does not play any role in our notion of 
non-degenerateness . 

In Wiener Tauberian theory [55] and its many extensions [1, 4, 27, 28] the 
Tauberian kernels are those whose Fourier transforms do not vanish at any point. 
In our theory the Tauberian kernels will be those (p such that ip> does not identi- 
cally vanish on any ray through the origin. This is precisely our notion of non- 
degenerateness, which fully answers the question we just raised above. We mention 
that the same class of test functions shows up in other contexts (e.g., [18]). 

The second important achievement of our Tauberian theorems is the complete 
analysis of critical degrees, namely, when the regular variation index of c(A) is a 
non-negative integer. This analysis was not present in [5, 6] nor in Meyer's work 
[24] on pointwise weak scaling exponents. In such a critical case the classes of 
associate homogeneous and homogeneously bounded functions [40, 41], defined in 
Subsection 4, will appear as natural terms in the polynomial corrections. 

In order to increase the range of applicability of our results, we will consider 
distributions with values in Banach spaces. Furthermore, as explained in Section 
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8, all our results are also valid for distributions with values in more general classes 
of locally convex spaces. 

The plan of this article is as follows. Section 2 explains the main spaces and 
asymptotic notions for distributions to be considered in the paper. We give an 
Abelian proposition in Section 3. The main section of this paper is Section 4, 
where we state two Tauberian theorems and discuss some important corollaries; the 
proofs of the Tauberian theorems are postponed to Section 6. We extend in Section 
5 the distribution wavelet analysis from [16] to distribution with values in Banach 
spaces; such a wavelet analysis is based on the Lizorkin spaces 5o(M") and 5q(]R"). 
Many important arguments used in Section 6 rely on the wavelet desingularization 
formula discussed in Section 5. In Section 7 we give several applications of our 
Tauberian theorems. We discuss sufficient conditions for stabilization in time for 
Cauchy problems related to a class of parabolic equations, we apply our results to 
the Laplace transform and give a new proof of Littlewood's Tauberian theorem, and 
we describe the relation between quasiasymptotics in T)' and S' . Section 8 indicates 
various useful extensions of our results from previous sections; as an application, we 
give a necessary and sufficient condition for a tempered distribution / G iS'(M" x 
Wp) to have trace at t = to, i.e., for the existence of f{to,(,) in tS'(Kt^). Finally, 
the Appendix contains a suitable reformulation of the results from [41], which will 
play an essential role in the proofs of our Tauberian theorems. 

2. Preliminaries 

In this section we collect some notions needed in this article. Let us start by 
fixing the notation. The space E denotes a fixed, but arbitrary, Banach space with 
norm || • ||. li a : I -^ E and T : I ^ R+, where / == (0, A) (resp. / == {A, cx))) 
we write a(A) = o(T(A)) as A ^ 0+ (resp. A -> oo) if ||a(A)|| = o{T{X)). We 
shall use a similar convention for the big O Landau symbol. Let v e _E, we write 
a(A) - r(A)v if a(A) = r(A)v + o(T(A)). We use the notation H"+i = M" x R+ 
for the upper half-space and §"^^ for the unit sphere of R". 

2.1. Spaces. The Schwartz spaces 2?(R"), 5(M"), 2?'(M"), 5'(M") are well 
known [33]. We use constants in the Fourier transform as (f>{u) = J^„ (p{t)e~'^'^'*dt. 
We will also work with the space iSo(R") of highly time- frequency localized functions 
over R" [16]; it is defined as the closed subspace of 5(R") consisting of those 
functions for which all their moments vanish, i.e., 

TjeSoiM.") if and only if / t"'?]{t)dt = 0, for all m e N". 



We provide iSo(IK.") with the relative topology inhered from 5(R"). This space is 
also known as the Lizorkin space of test functions. 

Let A(fl) be a topological vector space of test function over an open subset 
fi C R". We denote by A'{n.,E) = Lb{A{n.),E), the space of continuous linear 
mappings from A{fl) into E with the topology of uniform convergence over bounded 
subsets oi A{^). We are mainly concerned with the spaces 'D'{K^,E), S'{M.'^,E), 
and S'q{M.'^ , E); see [35, 32] for vector-valued distributions. If / is a scalar-valued 
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generalized function and v G i<^, we denote by /v = v/ the _E-valued generalized 
function given by (/(t)v, Lp{t)) = (/, Lp) v. 

2.2. Quasiasymptotics. Recall a positive real-valued function, measurable 
on an interval (0, A) (rcsp. {A,oo)), is called slowly varying at the origin (resp. at 
infinity) [2, 20, 36] if 

,. L{\a) ( ,. \ . 

lim — --— = 1 resp. lim , for each a > 0. 

Throughout the rest of the article, L always stands for a slowly varying function 
at the origin (resp. infinity). 

In the next definition AiW^) is assumed to be a space of functions on which the 
dilations are continuous operators. We are primarily concerned with A^V.S.Sq. 

Definition 2.1. Let f e ^'(K",S). We say that: 

(i) f is quasiasymptotically bounded of degree a G M at the origin (resp. at 
infinity) with respect to L in ^'(M", _E) if for each test function cf) G A(W"') 



limsup-— — -- ||(f (Ax) ,(/)(x))|| < oo resp. limsup 
A^o+ A"iv(A) V A^oo 

We write: f (Ax) = O (A"L(A)) in y^'(M", E) sni \ ^ 0+ (resp. A -^ oo). 
(ii) f has quasiasymptotic behavior of degree a G M at the origin (resp. at 
infinity) with respect to L in A'{W^,E) if there exists g G A!{W^,E) 
such that for each test function G ^(M") the following limit holds, with 
respect to the norm of E, 

1™ \r,Ti\\ {^{^^)^<t>{x)) ^ (g(x),0(x)) G E (resp. lim 

A->0+ A"L(A) \ A^oo 

We write: 

(2.1) f (At) - A"i(A)g(t) in^'(M",S) as A ^ 0+ (rcsp. A ^ oo ) . 

We shall also employ the following notation for denoting the quasiasymptotic 
behavior (2.1) 

f (Ai) = A"i(A)g(t) + o (A"L(A)) in ^'(K", E), 

as A tends to either 0+ or oo, which has a certain advantage when considering 
quasiasymptotic expansions. It is easy to show [28] that g in (2.1) must be ho- 
mogeneous with degree of homogeneity a as a generalized function in A'{K"-,E), 
i.e., g(ai) = a"g(/:), for all a G K+. We refer to [7] for an excellent presentation 
of the theory of multidimensional homogeneous distributions. See the monographs 
[10, 28, 50] for extensive studies about asymptotic properties of distributions. 
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3. Abelian results 

In order to motivate our Tauberian theorems from the next section, we present 
here an Abehan result which is essentially due to Drozhzhinov and Zav'yalov [5, 6]. 
Let f e iS'(R", E). As in the Introduction, we set 



M^^{x,y):={i*ipy){x)eE, {x,y) e 



irn+l 



the regularizing transform of f with respect to the test function (p G iS(M"). The 
Tauberian counterpart of the following proposition is the main subject of this paper. 



(3.1) 



Proposition 3.1. Let f e S'(R",E) and ^ e S{M"). 
(i) Assume that f is quasiasymptotically bounded of degree a at the origin 
(resp. at infinity) with respect to L in S'(U.",E). Then, there exist k,l G 
N, C > and Xo > such that for all (x, y) £ H"+i 



\M'^{Xx,Xy)\\i^CX"L{X)(^+y) {l + \x\ 



A ^ Ao (resp. Ao ^ A ) . 



(ii) Ifte S'{W\E) has quasiasymptotics f (At) - A"L(A)g(t) inS'{W^,E) 
as A — > 0+ (resp. X — > cxdJ, then, for each fixed {x,y) G H"+"'^, 

(3.2) lim Ml{Xx,Xy)^ M^{x,y) in E [resp. lim 



A— >-oo 



lim ^,^ , 

A^o+A"L(A) "P' 

Part (ii) directly follows by definition. The estimate (3.1) from part (i) is 
obtained from the following proposition by considering the bounded set 

1 



<B 



f (A • ) : < A =^ Ao ^ (resp. Ao < A) 



A"L(A) 

Proposition 3.2. Let *B C S'{K"-,E) he a bounded set. Then there exist k,l 
id C > .such that 



\M'^{x,y)\\^c(^+y) {1 + \x\f , f 



•or all f G ». 



Proof. The set *B is equicontinuous, whence we obtain the existence of fci G N 
and Ci > such that 



l!(f,p)IKCi sup {i + \t\t' p("^Ht) 

tGR",|m|^*;i 



Consequently, 



\Ki^^y)\\^7^ 



{{t),ip 



X — t 



^Ci{-+y 



^C\ -+y 

.y 



n-\-ki 



for aU p G 5(M") and f G <B. 



sup 

«GR",|mKfe: 



{l + \x\+y\u\f' ip^^^Uu) 



n+2ki 



{l + \x\f\ forallfG^B, 
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where C = Ci sup„gK„ |„|^;,^ (1 + \u\f' \ip^"''> {u)\ . D 

4. Tauberian theorems for quasiasymptotics Main results 

We now state our main results. Their proofs wih be postponed to Section 6. We 
are interested in the "converse" to Proposition 3.1. Naturally, not all test functions 
will be appropriate for the analysis of this problem. Our Tauberian kernels are 
precisely those test functions occurring in the following definition. 

Definition 4.1. We say that the test function tp G 5(IR") is non-degenerate 
if for any u! G §"~^ the function of one variable R^{r) = (p(ra;) G C°°[0, oo) is not 
identically zero, that is, suppi?^ ^ 0, for each cj G §"^^. 

We also need to introduce a class of _E- valued functions which is of great im- 
portance in the study of asymptotic properties of distributions [28, 41]. They will 
appear in our further consideration. The terminology is from [39, 40, 46] (see also 
de Haan theory in [2]). 

Definition 4.2. Let c : {Q,A) ^ E (rcsp. {A, oo) -^ E) he a. continuous 
S-valued function. We say that: 

(i) c is associate asymptotically homogeneous of degree with respect to L 
if for some v G i?, as A ^ 0+ (resp. A -^ oo), 

c(aA) = c(A) + L{\) loga V + o(L(A)), for each a > 0. 

(ii) c is asymptotically homogeneously bounded of degree with respect to L 
if, as A -^ 0'^ (resp. A -^ oo), 

c(aA) = c(A) + 0(L(A)), for each a > 0. 

If c satisfies either condition (i) or (ii) of Definition 4.2, one can show [39, 
Prop. 2.3] that ||c(A)|| = o(A-'') as A ^ 0+ (resp. o(A'") as A -> oo), for any cr > 0. 
We begin with the Tauberian theorem for quasi-asymptotic boundedness. 

Theorem 4.1. Let f G S'{«'\E) and let tp G >S(R") be non-degenerate. The 
estimate 

(4.1) limsup sup - — — — — M (Ax, Ay) < oo \resp. limsup 

A->0+ \x\^+y2 = l A"i(A) V A^OO 

(rr,y)eH" + i 

for some /c G N, implies the existence of an E-valued polynomial P of degree less 
than a (resp. of the form P(t) — '^a<\m\<d^"^^ni) such that: 

(i) // a ^ N, f — P is quasi- asymptotically bounded of degree a at the origin 

(resp. at infinity) with respect to L in the space S'(R",E). 
(ii) // a = p G N, there exist asymptotically homogeneously bounded E-valued 
functions Cm, \m\ ~ p, of degree with respect to L such that f has the 
following asymptotic expansion, as A — !> 0^ (resp. A -^ ooj, 



E 

|m|— p 



f (At) = P(At) + AP y f"c„(A) + O (APL(A)) in S' {W\ E). 
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Moreover, denote by Pq the homogeneous terms of the Taylor polynomials of ip at 
the origin, that is, 

\m\—q 

Then, the E-valued polynomial P must satisfy 

(4.3) P, (^\ P - 0, for all q G N, 
and, in case (ii), one can find I such that 

(4.4) pJ^\c{t,\)^0{{l + \t\yL{\)), for all q en, 

uniformly int <E M" as A — !> 0+ (resp. X -^ oo+ j, where C{t, A) = X]|m|=p ^'"^^(A). 

Theorem 4.1 yields the ensuing important coroUary. 

Corollary 4.1. Assume additionally that L„ ip(t)dt ^ 0. Then, the estimate 
(4.1) is necessary and sufficient for { to be quasiasymptotically bounded at the origin 
(resp. at infinity) of degree a in iS'(R"). 

Proof. The sufBcicncy follows at once from (4.3) and (4.4), as Po{t) is a 
nonzero constant. That (4.1) is necessary is a consequence of the Abelian result 
(Proposition 3.1). D 

We now consider the quasiasymptotic behavior of _E- valued tempered distribu- 
tions. 

Theorem 4.2. Let f e 5'(R", E) and let ip e <S(K") be non-degenerate. Then, 
the existence of the limits 

(4.5) lim — ^Mf(Ax,Ay)=M,,, /or (x,y) e H"+i n§" (resp. lim 

A— S-0+ A L[A) \ A— !-oc 

and the estimate (4.1), for some k E N, imply the existence of g E S^W^^E), 
which satisfies M^{x, y) = ^x.y, o,nd an E-valued polynomial P of degree less than 
a (resp. of the form P(i) = '^a<\m\<d^"^^m) such that: 

(i) // a ^ N, g is homogeneous of degree a and, as A — !> 0^ (resp. A -^ cxd j, 
f (At) - P(At) - A"i(A)g(t) in S'{W\ E). 

(ii) //a — p G N, g is associate homogeneous of order 1 and degree p (cf. [10, 
p. 74], [37] J satisfying 

g{at) =- aPg{t) + a^ log a ^ f^Wm, for each a > 0, 

I rn I — p 

for some vectors v^ E E, \m\ — p, and there are associate asymptotically 
homogeneous E-valued functions Cm, \m\ ~ p, of degree with respect to 
L such that, as A — > 0+ (resp. A — > cxd j, 

Cm(aA) = c(A) + L{X) logo v„i + o{L{\)), for each a > 0, 
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and f has the following asymptotic expansion in S'{W^,E) 
i{Xt)^P{Xt) + \PL{X)g{t) + XP J2 i"c„(A) + o(APL(A)), 

\m\—p 

as A — !> 0+ (resp. X — ^ ooj. 
Furthermore, P satisfies the equations (4.3) and, in case (ii), we have, for some I, 

(4.6) pJ^\c{t,X)=o((l + \t\)'L{X)), for all q en, 

uniformly in t E K" as A — > 0+ (resp. X -^ 00+ j, where C{t, A) = '^\„i\=„t™'^m{^)- 

Corollary 4.2. If (p satisfies the additional requirement L„ ip{t) dt =/= 0, then 
(4.5) and (4.1) are necessary and sufficient for { to have quasiasymptotic behavior 
inS'(R"-,E), namely, 

f (At) - A"i(A)g(t) inS'{W\E) as X ^ 0+ {resp. X ^ 00) . 

In such a case, g is completely determined by M^{x,y) = M.x.y 

All the above results have a version for distributions f e X''(R", E). 

Corollary 4.3. In the case of asymptotic behavior at the origin. Theorem 4-1, 
Corollary ^.1, Theorem 4. 2, and Corollary 4. 2 are valid if one replaces S'{W^,E) 
and S{M.") byT>'{M.",E) and V{M.") everywhere in the statements. 

Proof. Find r > such that supp(/3 is contained in B{0,r), the Euclidean 
ball of radius r with center at the origin. Write f = fi + £2, where fi has sup- 
port in B{0,3r) and f = fi on B{0,2r). Clearly, f and fi have exactly the same 
quasiasymptotic properties at the origin in the space 2?'(R",_E). On the other 
hand, since £2 = on B{0,2r), we have that M^{x,y) = M^{x,y) on the region 
|a::| < r and < y < 1. The assertions are then obtained by applying the results in 
iS'(R",-E) to the tempered distribution fi. 

n 

At this point it is worth pointing out that the use of non-degenerate test 
functions in Theorem 4.1 and Theorem 4.2 (and their corresponding versions for 
V(W^,E)) is absolutely imperative. Clearly, if if identically vanishes on a ray 
through the origin, then there are distributions f for which M^ is identically zero 
and hence for those f the hypotheses (4.5) and (4.1) are satisfied for all a. How- 
ever, among such distributions f , it is easy to find explicit examples for which the 
conclusions of Theorem 4.1 and Theorem 4.2 do not hold for a given a. 

We end this section with several remarks. 

Remark 4.1. When a ^ N in Theorem 4.2, the condition M^{x,y) = M.x^y 
uniquely determines g, in view of its homogeneity. On the other hand, if a = p S N, 
the prescribed values of M^, in general, can only determine g modulo polynomials 
which are homogeneous of degree p and satisfy (4.3). 
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Remark 4.2. Observe that if (p e iSo(K") in Theorem 4.1 and Theorem 4.2, 
then the converse resuhs are also true: If f has the asymptotic property stated in 
(i) or (ii) of Theorem 4.1 (resp. Theorem 4.2) for an arbitrary _E-valued polynomial 
P, then the regularizing transform M^ must satisfy (4.1) (resp. (4.1) and (4.5)). 
In fact, this follows at once from the moment vanishing properties of tp. The same 
consideration holds for quasi-asymptotics at the origin if we employ kernels (p that 
have all vanishing moments L„ t"^ip{t) dt = up to order \m\ ^ a. Notice also 
that Theorem 4.1 and Theorem 4.2 include as particular instances all Tauberian 
results for the wavelet transform from [47] and Meyer's wavelet characterization 
of pointwise weak scaling exponents of distributions from [24] . We also mention 
that related results in terms of orthogonal wavelet expansions have been obtained 
in [29, 30, 54], such results may be regarded as discretized versions of Theorem 
4.1 and Theorem 4.2. 

Remark 4.3. As mentioned at the Introduction, our motivation in this article 
comes from the work of Vladimirov, Drozhzhinov and Zav'yalov [5, 6, 50, 51]. 
In Subsection 7.2 below, we shall deduce their so-called general multidimensional 
Tauberian theorem for the Laplace transform from our Tauberian theorems. The- 
orem 4.1 and Theorem 4.2 significantly extend the Tauberian theorems for quasi- 
asymptotics obtained by Drozhzhinov and Zav'yalov in [5, 6]. Our notion of non- 
degenerateness (Definition 4.1) is much less restrictive than the one considered by 
them. We say that a polynomial P is non-degenerate (at the origin) if for each 
w e §"~^ one has that 

P(rw)^0, rGR+. 
In their Tauberian theory, Drozhzhinov and Zav'yalov considered the class of test 
functions (f G (S(M") for which there exists N ^N such that 

T0 (u) = 



the Taylor polynomial of order TV at the origin, is non-degenerate. We call such 
test functions here strongly non- degenerate. It should be noticed that this type of 
kernels are included in Definition 4.1; naturally. Definition 4.1 gives rise to much 
more kernels. For instance, any non-degenerate (p G 5o(IR") obviously fails to 
be strongly non-degenerate. An explicit example of a non-degenerate function 
V' G >5o(M") is given in the Fourier side by ip{u) = e^l"l^(^/l"l). Furthermore, if 
(p G 5(M") satisfies 

ip{u) = e-l"l-(i/l"l) + ul for \u\ < 1, 

where u — (ui,U2, • • . , u„), then tp ^ iSo(M") is a non-degenerate in the sense 
of Definition 4.1, but the Taylor polynomials of p vanish on the axis ui ~ 0; it 
therefore fails to be strongly non-degenerate. 

Remark 4.4. Theorems 4.1 and 4.2 may be restated in terms of an interesting 
class of spaces introduced by Drozhzhinov and Zavialov in [6] . Let / be an ideal 
of the ring C[ti,t2, ■ ■ ■ ,in], the (scalar-valued) polynomials over C in n variables. 
Define the space ^/(IR") as the subset of iS(]R") consisting of those cf) such that 



10 S. PILIPOVIC AND J. VINDAS 

all Taylor polynomials of (j) at the origin belong to the ideal /. For example, we 
have 5/(R") = 5o(M") if / = {0} or 5/(R") = S{W) if / = C[ti,i2, • • -,*«]• Let 
Pq, . . . ,Pq, . . . be a system of homogeneous polynomials where each Pq has degree 
q (some of them may be identically 0). Consider the ideal / = [Pq, -P2, • • • , ^<j, • • • ], 
namely, the ideal generated by the Pq\ then, one can show [6] that ^/(R") is a 
closed subspace of iS(M") and actually (f) e Si{W^) if and only if j^^ Q{t)(f){t)dt = 
for all polynomial Q that satisfies the differential equations Pq{d/dt)Q = 0, 
q ~ 0,1.... When there is d G N such that Pq = {) ioY q > d one can relax the 
previous requirement [6, Lem. A. 5] by just asking it to hold for polynomials Q 
with degree at most d. One can rephrase Theorem 4.1 and Theorem 4.2 as follows. 
Let f e S'{W^,E) and let ip e >S(]R") be non-degenerate. Take Pq as in (4.2). 
For quasiasymptiotics at the origin set / — [Pq, P2, . . . , P[a]] {I = C[ti,t2, ■ ■ ■ ,tn] 
if a < 0) and for the case at infinity / — [Pp, Pp+i, ■ ■ ■] where p is the least non- 
negative integer ^ a (thus, / — [Po,Pi, . . .] if a < 0). View f as an element of 
S'j{M.",E) := L{Si{M."),E) via its restriction to 5/(R"). Then, 

(a) f is quasiasymptotically bounded of degree a with respect to L in the 
space tS}(]R", E) if and only if the estimate (4.1) holds. 

(b) f has quasiasymptotic behavior of degree a with respect to L in iS|(R", E) 
if and only if (4.1) and (4.5) are satisfied. 

These assertions follow from (4.3), (4.4), and (4.6). These forms of the Tauberian 
theorems are complemented with the following observation. Given any arbitrary 
system of homogeneous polynomials Pq, Pi, . . . , Pq, . . . , where Pq is homogeneous of 
degree q, there is always a non-degenerate test function cp G iS(R") such that (4.2) 
holds. To show this, we first use the fact that every Stieltjes moment problem has 
a solution in iS(M") [9]. Find then ipi G 5(M") such that the homogeneous terms 
of the Taylor polynomials at the origin of ipi coincide with the Pq. Of course, ipi 
may be degenerate, but there is a constant C > such (pi{u) + Cip{u) > for 
1/2 < \u\ < 1, where ip G iSo(M") is the test function considered in Remark 4.3. 
The function (p — ipi + ip clearly satisfies the requirements. 



5. Wavelet analysis on S'q{W,E) 

In this section we extend the scalar distribution wavelet analysis given in [16] 
to _E-valued generalized functions. Such results will play an important role in our 
proofs of Theorem 4.1 and Theorem 4.2. 

By a wavelet we simply mean an element ip G 5o(R") (cf. Subsection 2.1), and 
the wavelet transform of f G Sq{M.",E) with respect to ip is defined as 

W^i{x,y) = (f(x + yt),^(t)) =M|(x,y) e E, {x,y) e M"+\ 

where (f) denotes reflection about the origin, i.e., (j){t) — 4){—t). When acting on 
iSo(R")j the wavelet W^ has as range a subspace of the space of highly local- 
ized function over H"+^, denoted [16] as 5(EI"+^) and consisting of those $ G 
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C°°(H"+i) for which 



fei 



sup (y+-] (l + |a:|f^ 
(x,y)eH"+i V y. 






< oo, 



for all ki,k2,l G N and m G W\ The canonical topology of this space is defined 
in the standard way [16]. We have that [16, 26] W^ : 5o(lR") ^ 5(H"+i) is a 
continuous linear map. We are interested in those wavelets for which W^ admits 
a left inverse. For wavelet-based reconstruction, we shall use the wavelet synthesis 
operator [16]. Given $ G S{W^~^^), we define the wavelet synthesis operator with 
respect to the wavelet tp as 

(5.1) M,m= r f <^i-,y)^^('—^)'^, tern-. 

Jo Jr" V \ V J V 

One can show that M^ : 5(H"+i) -^ >So(R") is continuous [16, 26]. 

We shall say that the wavelet ip G iSo(R") admits a reconstruction wavelet if 
there exists rj G iSo(R") such that 

f°"— dr 

(5.2) c^.r,{Lo)^ ■iP{ruj)Ti{ruj)— , w G §""\ 

Jo '' 

is independent of the direction w; in such a case we set c^^^ :— c^^^(a;). The wavelet 
T] is called a reconstruction wavelet for ip. 

If f/j admits the reconstruction wavelet 77, one has the reconstruction formula 
[16] for the wavelet transform on iSo(R") 

(5.3) IdsoiM^) = —M^nW^. 

We now characterize those wavelets which have a reconstruction wavelet. Ac- 
tually, the class of non-degenerate test functions from 5o(M") (cf. Definition 4.1) 
coincides with that of wavelets admitting reconstruction wavelets. 

Proposition 5.1. Let tp G <So(K"). Then, ip admits a reconstruction wavelet 
if and only if it is non- degenerate. 

Proof. The necessity is clear, for if ^(rwg) identically vanishes in the direction 
of Wo G S"^-^, then c^,,,(wo) — (cf. (5.2)) for any 77 G 5o(R"). Suppose now that 
ip is non-degenerate. As in (5.2), we write c^^^(cli) = J^ \ip(rui)\'^r~^dr > 0. 

Set g{r,w) = V'(''"w)/c^^^(w), {r,w) G [0,00) x §"^^; obviously, if we prove that 
g{\u\ ,u/ \u\) G 5(R") and all its partial derivatives vanish at the origin, then 77 
given by fjiu) — g{\u\ ,u/ \u\) will be a reconstruction wavelet for ip and actually 
c^,ri = 1- By the characterization theorem of test functions from 5(]R") in polar 
coordinates [7, Prop. 1.1], the fact 77 G iS(R") is a consequence of the relations 



d\ k 



Q^i eir,^) 



= 0, fc = 0,l,. 



r=0 

the same relations show that all partial derivatives of 77 vanish at the origin, and 
hence 7; G 5o(M"). D 
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In [16], (5.3) was extended to 5q(M") via duality arguments, the main step 
being the formula 

je" y 

valid for $ e 5(H"+i) and / e 5^(K"). It can be easily extended to the S-valued 
case, as the next proposition shows. 

Proposition 5.2. Let f e S^{«^,E) and ip e >So(M"). Then 

(5.4) r f W^f (x, yMx, y)^^^ (f (t), X^$ (t)) , 

Jo jR" y 

for all<P e5(H"+i). 

Proof. The same argument used in Proposition 3.2 shows that 

is continuous, where we identify the vector-valued function W^f with the vector- 
valued distribution given by 

(>V^f(x,y),$(a;,y))- T / W^f (x, y)<I>(x, y)^^ 

Jo jR" y 

The linear map T : 5^(]R",^) i-> S'(IP+'^,E) given by ((rf)(a;,y), $(x, y)) = 
(f(i),7V4j;$ (i)) , is continuous as well. Thus, if we show that W^ and T coincide 
on a dense subset of S'q{M.'^,E), we would have (5.4). The nuclearity of 5q(IR") 
implies that 5o(M") ®Eg Sq{R^,E) is dense; thus, it is enough to verify (5.4) for 
f = /v, where / G 5q(M") and v ^ E. Now, the scalar- valued case implies 

(W^(/v)(x, y), ^x, y)) = {W^fix, y), <i>(x, y)) v - (/(t)v, A^^$ (i)) , 

as required. D 

We can now extend the wavelet synthesis operator (5.1) to Sq{M"'^^,E). This 
will yield an important "desingularization formula" for i?-valued distributions. Let 
K e S^{W+^,E). We define M^ : S^{W+^,E) ^ >S^(R",^), a continuous linear 
map, as 

(M^K(i), p(t)) = (K(a;, y), >V^p(x, y)) , p e 5o(R"). 

Proposition 5.3. Lef V G 5o(M") &e non-degenerate and let rj G 5o(]R") &e a 
reconstruction wavelet for it. Then, 

(5.5) Id5^(R",£;) == MrjW^. 

Furthermore, we have the desingularization formula, 

(5.6) (f (t), p{t)) ^J-Tf W^f (x, y)W,p{x, y)^^ , 

C4:,r] Jo JR" 2/ 

valid for all f G <S^(R", S) and p G <So(R"). 
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Proof. If we apply the definition of Ain, Proposition 5.2, (5.3), and use the 
fact that c^,^ ^ Cf. j,, we obtain 

Axdy 



1 1 /■°" /■ ( 

C-ip,r) ^il',n Jo JR" 



y 



= — {W^i{x,y),Wr,p{x,y)) - (f, —M^W^p 

= (f(t),p(t)). 
So both (5.5) and (5.6) have been established. D 

6. Proofs of the Tauberian theorems 

We now proceed to give proofs of the Tauberian theorems 4.1 and 4.2. We need 
a series of lemmas. We start with a technical one. 

Lemma 6.1. Let f G S'{W^,E). The estimate (4.1) is equivalent to one of the 
form, (3.1) (k might he a different exponent). If 

1 
x^-X^ A"L(A) ' 
exists for every {x, y) G EI"+"'" fl §", so does it for every (x, y) G IHI"+^. 



.1) hm ^;^^M^(Ax,Ay)=M,,j, m E 



Proof. We only need to show that (4.1) implies (3.1). Our assumption is that 
there are constants Ci , Aq > such that 

||M^(A^,Acos,9)||<^l^-^, 
" ^ " (cosw)'' 

for all 1^1 + (cos?9)^ — 1 and < A ^ Aq (resp. Aq ^ A). We can assume that 
1 + |q;| ^ A: and Aq < 1 (resp. 1 < Aq). Potter's estimate [2, p. 25] implies that we 
may assume 

(6.2) 4t^<^2 ^^^'^^ ' forA,ArG(0,Ao] (resp. A,ArG[Ao,^)). 

L(A) r 

In addition, since \/L{\) = o(A^^) as A ^ 0+ (resp. 1/L(A) = o(A), as A ^ oo) 
[2, 36], we can assume 

(6.3) j^ < ^, for < A ^ Ao Tresp. -^ < C3A, for Ao «: A 

After this preparation, we are ready to give the proof. For (x, y) G ]HI"+^ write 
X = r£, and y = rcosi), with r = |(a;, y)|. We always keep A ^ Aq (resp. Aq ^ A). If 
rX < Ao (resp. Aq ^ rX), we have that 

||Mf (Are,Arcos??)|| < ^A"i(Ar)r"+'= < CiC2X''L{X)^^^-^-^ 

<C4A"L(A)f-+J {l + \x\r+'+\ 
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with C4 = 2"+'^+^CiC2. We now analyze the case Aq < Ar (resp. Xr < Aq) 
Proposition 3.2 imphes the existence of kiji e N, fci ^ k, and C5 such that 

fei 



|Mf {Xx, Xy)\\ < C5 r^ + Xy) \l + X |a;|)'^ 



<C5A"L(A)(i+y') '(1 + |.t|)'^ ^ 



y •'y ^ '■ '^ A"+feiL(A) 

1 \''\ , ,,,, A'^i+'i 



resp. <C5A"L(A) -+y (1 



.T 



< C3C5A"L(A) ( i + y") '(1 + |x|)'^ f^^ ' 



fei / \ \ fei+ii-ct+l 



(resp. < C3C5A"L(A) Q + y") ' (1 + |x|)'^ ("^ 

/ , \ a+2ki + l 

<CeX"L{X)(-+y\ (1 + |a;|)"+'^+'^^+^ 

(/, ^2fcl+^l-Q + l \ 

resp. <CeX''L{X)(-+y] (1 + |a;|)'M , 

with Ce = C3C5(2/Ao)"+'^i+i (resp. Cg = C3C5X'^'+''-"+^). Therefore, if C = 
max{C4, Ce}, ^2 > |a| + 2fci + /i + 1 and Z2 > a + ^1 + fci + 1, 

llikff (Aa;, Ay) || < CA"L(A) (^+y) ' (1 + Nl)'' , 

for ah (x,y) G H"+i and < A ^ Aq (resp. Ao s: A). 

For the second part of the lemma, fix {x,y) G H"+^ and write it as (x,y) = 
(r^,rcosi9), where (C,cosi9) G H"+i n §". Then, as A ^ 0+ (resp. A -^ 00), we 
have 

3^M^(A<,A.cos.) ^ ^." ((Ao4(AO<(^^^'^^^°^^) 

n 

Observe that the restriction of £'- valued tempered distributions to iSo(M") 
defines a continuous linear projector from S'{M.",E) onto Sq{M.'^,E). For f G 
4S'(R", E), we will keep calling by f its projection onto Sq{M.", E). In particular, it 
makes sense to talk about quasiasymptotics of f in iSq (M",i<^) via this restriction 
projection. The results from Section 5 are key for the next lemma. 

Lemma 6.2. Let f G S'{W\E) and let ip G <S(R") he non-degenerate. 
(i) // there exists fc G N such that the estimate (4.1) holds, then f is quasi- 
asymptotically bounded of degree a at the origin (resp. at infinity) with 
respect to L in the space iSq(M", E). 



MULTIDIMENSIONAL TAUBERIAN THEOREMS 15 

(ii) // the limit (6.1) exists for each {x,y) G H"^"^ n §" and there is a k (£ 
N such that the estimate (4.1) is satisfied, then f has quasiasymptotic 
behavior of degree a at the origin (resp. at infinity) with respect to L in 
the space S'a{W,E). 

Proof. Consider the non-degenerate wavelet ■01 G '5o(IR") given by ipiiu) = 
e-l"l-(i/l"l). Set ^p = (f =^ tpi; then, ip £ iSo(K") is also a non-degenerate wavelet. 
First notice that W^f is given by 

W^tix, y) = {i{x + yt), ((^ * 7^i)(i)) = U{x + yt), j Mu)v{u - t)dw\ 

Mi{x + yu,y)7pi{u)du. 



Find a reconstruction wavelet 77 € 5o(ffi") for i/;. 

Part (i). By Lemma 6.1, (4.1) is equivalent to the estimate (3.1) (fc might be 
however a different number). Thus, 

(6.4) \\Ml{\x + \yu,\y)\\<C\'-L(\)(y+^ {I + \x\)\l + \u\)K 

In view of the formula for W^f in terms of M^ and ^1, we arrive at the wavelet 
estimate 

(6.5) ||>V^f(Aa;,Ay)|| < Ci\"L{\) {I + \x\)' iy+- 

\ y 

valid for aU {x,y) e H"+i and A s^ Aq (rcsp. Aq s$ A), where Ci = C/jj„(l + 
\u\y |V'i(u)| du. Let now p e 5o(M") be arbitrary. Taking into account the desin- 
gularization formula (5.6) from Proposition 5.3 and (6.5), we conclude that 

\mXt),pm\ ^J—Tf \\W^i{Xx,Xy)\\ \W,p{x,y)\^^ = 0(A"L(A)), 

\c-^,n\ Jo Jr^ y 

which shows the result. 

Part (ii). By Lemma 6.1, the limit (6.1) exists for each {x,y) G ]HI"+^. The 
estimate (6.4) and the dominated convergence theorem for Bochner integrals ensure 
that, for each fixed (x, y) G H"+-'^, 

W^i{Xx,Xy)^ [ I M'jXx + Xyu, Xy)Mu)du 



A"L(A) ^ ^ ' -^ 7„„ A"L(A) ^ 

— >G{x,y)-~ / M^+yu.y ■ipi{u)du 



as A — > 0+ (resp. A -^ 00). Observe that the function G : H"+^ 1-^ E is Bochner 
measurable and, because of (6.5), 

\\G{x,y)\\^C,a + \x\y(y+^] , {x,y)eM-+\ 
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Let finally p G iSo(K") be arbitrary. We can use the wavelet desingularization 
formula, in combination with the dominated convergence theorem, to deduce 

—^ {i{\t),p{t)) ^^ r I —L^w^i{\x,\y)W^p{x,y)'^^ 
\"L{\) c^^r, Jo Jr" A"L(A) y 

^^ r f Gix,y)W,pix,y)^^, 

C-4!,ri Jo JR" y 

as A ^^ 0+ (resp. A — > oo), as required. D 

We are now in the position to prove Theorem 4.1 and Theorem 4.2. The 
precise relation between quasiasymptotics in Sq{M.'^,E) and iS'(R",-E), studied in 
Appendix A, is crucial for our arguments. 

Proof of Theorem 4.1. Lemma 6.2 implies that f is quasiasymptotically 
bounded in the space Sq{M.",E). The existence of the i<^- valued polynomial P and 
the Cm, in case (ii), is then a direct consequence of Proposition A. 2. The assertion 
about the degree of P follows from the growth properties of L, since slowly varying 
functions satisfy L{\) ~ o(A^") as A ^ 0+ (resp. o{\°') as A ^ oo) for any cr > 
[2, 36] (in the case (ii) the terms of order \m\ = p can be assumed to be absorbed 
by the c„i). We show (4.3) only in the case of asymptotic behavior at infinity; 
the proof of the case at the origin is completely analogous. Suppose the -E- valued 
polynomial has the form 

d 

p(t)= Y. ^"w™= E Q-W' 

a<\'m\^d iy—[a]-\-l 

where each Q^ is homogeneous of degree v. Choose a < k < [a] + 1. Then, since 
i(A) = 0{X''-°') and c,„(A) = 0(A'^-°), we obtain that 

f (At) = P(At) + 0{X'^) in >S'(R", E). 

But then, for each fixed {x,y) G H"+^, the assumption on the size of M^(Aa;, Ay) 
and Lemma 6.1 imply that 

Q|m| 

M^{Xx,Xy)^ Y: (-Az)H^-;^(e— ^(yz.))|„^„w„^0(A«). 

Q:<|m| ^d 

Then, we infer that for each a < u ^ d and each (x, y) G M^'^^, 



Thus, 

dx 



^9 ( — ) Q"^ = 0' for all <?, i^ e N, 
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as required. It only remains to establish (4.4). Assume that a = p G N. We keep 
< y < 1. By (4.1), (4.3), Lemma 6.1, and Proposition 3.2, applied to 



1 



XPL{X) 



f(At) - AP ^ i"c„(A) - P(Af) 



\m\=p 



there are constants Aq, C > and k,l &N such that 



g\m\ 



E(^^)^7^(^"->M)L=o-™W 



^ CAPL(A) (i±M! 



for all {x,y) G M" x (0, 1) and A < Aq (rcsp. Aq ^ A), that is. 



q=0 



-,|:|C(x.A) 



.«(A,<l±li 



If we now select p points < j/i < 2/2 • • • < 2/p < 1, we obtain a system of p + 
1 inequalities with Vandermonde matrix A — {y^)j.u- Multiplying by A^^, we 
convince ourselves of the existence of Ci, independent of x and q, such that 



Pn 



-.|:|C,.,A) 



=^Ci(l + |a;|)'L(A), for A sC Aq (resp. Aq < A). 



This completes the proof. 

We now aboard the proof of Theorem 4.2. 



D 



Proof of Theorem 4.2. Lemma 6.2, under the assumptions (4.1) and (4.5), 
implies that f has quasiasymptotic behavior in the space Sq{M.", E). An application 
of Proposition A.l yields now the existence of g, P, and the c^ in case (ii). That P 
satisfies the equations (4.3) actually follows from Theorem 4.1. The proof of (4.6) 
in case (ii) is similar to that of (4.4) given in the proof of Theorem 4.1, the details 
are therefore left to the reader. D 



7. Several applications 

In this section we illustrate our ideas with several applications and examples. 
We study in Subsection 7.1 sufficient conditions for stabilization in time of the so- 
lution to a class of Cauchy problems. In Subsection 7.2 we show how Tauberian 
theorems for Laplace transforms can be derived from Corollary 4.1. Finally, we 
prove in Subsection 7.3 that for ii^-valued tempered distributions the quasiasymp- 
totics in 2?'(M", E) and 5'(R", E) are equivalent. 

7.1. Asymptotic stabilization in time for Cauchy problems. Let P C 

R" be a closed convex cone with vertex at the origin. In particular, we may have 
P = M". Let P be a homogeneous polynomial of degree d such that ^eP{iu) < for 
all u e P \ {0} . We denote [49, 50] as 5f C 5'(R") the subspace of distributions 
supported by P. 
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We consider in this subsection the Cauchy problem 

(7.1) ^U{x,t)^p(^)u{x,t), \im U{x,t)^f{x) in 5'(K;'), 

ot \ox J t^o+ 

supp/cr, {x,t)eir+\ 

within the class of functions of slow growth over H"+^, that is, solutions U satisfying 

sup \U(x,t)\(t+ -) (1 + |a;| )"'''< oo, for some A:i,fc2 e N. 
One readily verifies that (7.1) has a unique solution. Indeed, 

is the sought solution. We shall apply Theorem 4.2 to find sufficient geometric 
conditions for the stabilization in time of the solution to the Cauchy problem (7.1), 
namely, we study conditions which ensure the existence of a function T : (A, cxd) — > 
M+ and a constant £ G C such that the following limits exist 

(7.3) lim Ei^ ^ £^ for each a; e K". 

i-!-oo T(t) 

Let L be slowly varying at infinity and a G M. We shall say that U stabilizes 
along d-curves (at infinity), with respect to A"L(A), if the following two conditions 
hold: 

(1) The following limits exist: 

(7.4) lim ^^^j^ = Uo{x,t), {x,t) e H"+i n§"; 

A^-oo A L(a) 

(2) There are constants C G IR+ and / G N such that 



(7.5) U{Xx,X^t) 



A"i(A) 
We have the following result: 



s$ ^, (x,t) GH"+^nS". 
r 



Theorem 7.1. The solution U to the Cauchy problem (7.1) stabilizes along 
d-curves, with respect to X"L(X), if and only if f has quasiasymptotic behavior of 
degree a at infinity with respect to L. 

Proof. We can find [50] a test function t] G iS(IR.") with the property ri{u) = 
^p(iu) ^ u G r. Setting (p — rj and using (7.2), we express C/ as a regularizing 
transform, 

(7.6) t/(x,t) = ^/(e),^^(^^)^=M/(x,2/), withy = ti/f 

Then conditions (7.4) and (7.5) directly translate into conditions (4.5) and (4.1), 
with Mx.y = Uo{x,t^^'^) and k = dl. Corollary 4.2 then yields the desired equiva- 
lence. D 
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Corollary 7.1. IfU stabilizes along d-curves, with respect to \"L{X), then 
U stabilizes in time with respect to T{t) = t°'''^L{t^''^). Moreover, the limit (7.3) 
holds uniformly for x in compacts of R" . 

Proof. By Theorem 7.1, there exists g G 5'(]R") such that 

f{\0 -- A"L(A).9(0 as A ^ oo in >S'(R"). 

If X C M" is compact, then, 

lim ^^i^ = hni ,, \ , ,,, //(tVrf^),^ f^ _ 

uniformly for a; G ii' because (p (t~^^'^x — ^) — > (y'(^C) in iS(K"), as t — ;> oo. D 

Example 7.1 (The heat equation). When T = K" and P{d/dx) = A, we 
obtain that stabilization along parabolas (i.e., d = 2) is sufficient for stabilization 
in time of the solution to the Cauchy problem for the heat equation. This particular 
case of Corollary 7.1 was studied in [5, 6, 8]. 

7.2. Tauberian theorems for Laplace transforms. We now apply our 
Tauberian theorems to the Laplace transform. Throughout this subsection we use 
the following notation. Let F be a closed convex acute cone [49, 50] with vertex 
at the origin. Its conjugate cone is denoted by F*, i.e., 

F* = {^GM" : e-w^O,VwGF}. 

The definition of an acute cone tells us that F* has non-empty interior, set Cr = 
int F* and T^^ = W'+iCv- We denote by S'-^iE) the subspace of £;-valued tempered 
distributions supported by F. Given h G S^{E), its Laplace transform [49] is 

/:{h;z} = (h(w),e*-"), zeT^'-; 

it is a holomorphic _E- valued function on the tube domain T*-^^. Fix uj E Cr- We 
may write C {h; x + iauj} , x G M", cr > 0, as a regularizing transform. In fact, 
choose r)^ G S{R") such that rj^iu) == e""^", u G F. Then, 

(7.7) £{h;x + iCTw} = M^^(x,cr), with (^^ = ry^ and f = (27r)"h. 

The following Tauberian theorems for the Laplace transform were originally 
obtained in [3, 50] under the additional assumption that Cr is a regular cone, i.e., 
its Cauchy-Szego kernel 



Kcriz)^ /'e*^"du, zeT^ 



is a divisor of the unity in the Vladimirov algebra H{T'~^^) [49, 50]. We will not 
make use of such a regularity hypothesis over the cone F. 
Given k ^ 0, we denote by Q."^ C H"+^ the set 

(7.8) rj'" = {{x,a) G H"+i : \x\ =^ cr'" and < cr < l} . 
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Theorem 7.2. Let h e S^{E) and let L be slowly varying at infinity. Then, h 
is quasiasymptotically bounded of degree a at infinity with respect to L if and only 
if there exist numbers fc G N and ^ k < 1 and a vector uj £ Cr such that 

(7.9) limsup sup ... ||£{h; A (x + iacj)}|| < oo. 

Proof. Set f — (27r)"h. Clearly, h is quasiasymptotically bounded of degree 
a at infinity with respect to L if and only if f is quasiasymptotically bounded of 
degree —a — n at the origin with respect to L(l/A). The latter holds, by (7.7) and 
Corollary 4.1, if and only if there exists fci G N such that 

fcosz?)'^^ A"^" 

(7.10) limsup sup ||M (Ax, Acosi9)|| < oo. 

A^0+ |a;p+(cos-i5)2 = l L[l/X) 

i5e[0,7r/2) 

Thus, we shall show the equivalence between (7.9) and (7.10). By Lemma 6.1, 

(7.10) implies (7.9). Assume now (7.9), namely, there exist Ci and < Ag < 1 such 
that 

(7.11) llAff (Aa;',Aa)|| <^A-"-"L(l/A), A < Aq, (x',a) e f^^. 

II Y'lJ II jjK 

We may assume that k ^ a + n + 1 and L satisfies (6.2) and (6.3) (the case at 
infinity). We keep arbitrary \ < Xq, "d £ (0,7r/2) and a; G K" with |a;| + (cosi?)^ = 

1 K 

1. Set r — \x\^-^ /(cosi?) i-» , x' — x/r and a ~ (cos^)/r. Observe that {x',a) G 
dfl'^. Assume first that rX ^ Aq, then, in view of (7.11) and (6.2), 



^f /x X . . . HNii , C*! 



|m;JAx,Acos^)|| < ^—^(.A)— L(l/(rA)) 

^ 4CiC2A""""i (1/A) (cosi9)"''"T 



k— Y^^ (fc — a— n+1) . 



on the other hand, if now Aq < rA, Proposition 3.2 implies that for some k2 G N, 
k2 ^ k and C4 > 0, 

\\Ml (Ax,Acosi9)|| < 7-^^ = — %^A-"-"i(l/A) (1/A)'^^-"-" 



■^-^ ' 'II (Acost?)'=2 (cosi9)fe2 ^ ' > L{l/X) 

__A L(l/X)y^-J 



< . " — A-"-"L (1/A) (cos^)- 

where we have used (6.3). Therefore, (7.10) is satisfied with /ci ^ ^2 + n(k2 — a — 
n+l)/(l-K). D 

We obtain as a corollary the so called general Tauberian theorem for Laplace 
transforms [50, p. 84]. 
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Corollary 7.2. Let h G Sy{E) and let L be slowly varying at infinity. Then, 
the estimate (7.9), for some fc G N, ^ k < 1, and lo G Cr, and the existence of a 
solid cone C C Cr (i.e., intC" ^ 0j such that 

\a-\-n 

(7.12) lim , ,^ C {h; iX^ = G(iO, «" E, for each ^ G C", 

A^o+ L(l/A) 

are necessary and sufficient for h to have quasiasymptotic behavior at infinity of 
degree a, i.e., 

h{\u) - \"L{\)g{u) in 5'(M", E) as A ^ oo, for some g G S^iE). 

In such a case, G(z) = £ {g; z}, z G T*^"". 

Proof. Recall [49] that S^iE) is canonically isomorphic to Lb{S{T),E). By 
the injectivity of the Laplace transform and the uniqueness property of holomor- 
phic functions, the linear span of {e*^" : ^ G C"} is dense in iS(r); observe that 
(7.12) gives precisely convergence of (A^"/L(A))h(A •) over such a dense subset. 
To conclude the proof, it suffices to apply Theorem 7.2 and the Banach-Stcinhaus 
theorem. D 

Example 7.2 (Littlewood's Tauberian theorem). The classical Tauberian the- 
orem of Littlewood [15, 20, 21] states that if 



(7.13) lim Vc„e-""=;9 

n— 

and if the Tauberian hypothesis c„ — 0(l/n) is satisfied, then the numerical series 
is convergent, i.e., X]^o ^n = f^- 

We give a quick proof of this theorem based on Corollary 7.2 and a result from 
[43]. We first show that h{u) = X]n=o CnS{u — n) has the quasiasymptotic behavior 

(7.14) /i(Am) == V c„(5(Au - n) ~ /3^ as A ^ oo in 5'(R„). 

— ^ A 

n=0 

Observe that (7.12) is an immediate consequence of (7.13) (here n = 1, a = — 1, 
L = 1). We verify (7.9) with k = 0, actually, on the rectangle il^ — [—1,1] x 
(0, 1]. Indeed, (7.13) and the Tauberian hypothesis imply that for suitable constants 
Ci, C2, C3, C4 > 0, independent of {x, cr) G il°. 



\£{h;X-^{x + ia)}\ = 



E 



C e^'^ an^iX xn 



^Ci+C2j2 



n 

n—l 



i\ xn 



<Ci + C3A^e-^"'""< — , {x,a)en\ A ^ 1. 

n—l 
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Consequently, Corollary 7.2 yields (7.14). Finally, it is well known that (7.14) and 
c„ = 0{l/n) imply the convergence of the series; in fact, this is true under more 
general Tauberian hypotheses (cf. [43, Sec. 3]). We reproduce here a proof of 
the convergence conclusion for the sake of completeness. Let ct > 1 be arbitrary. 
Choose p e 2?(R) such that ^ p ^ 1, p{u) = 1 for m G [0, 1], and suppp C [—1, cr], 
then, evaluation of (7.14) at p gives, for some constant C5, 



lim sup 

A— voo 






^ lim sup 

A— >oo 



^CnP 



\<r 



< C5 lim sup y — 



l<^<cr 



fn 



C, /"Mdx<C5(a-l), 



and so, taking cr — > 1+, we conclude X]n=o ''" ~ P- 

Remark 7.1. We refer to the monograph [50] (and references therein) for 
the numerous applications of Corollary 7.2 in mathematical physics, especially in 
quantum field theory (see also [52, 53]). Probabilistic applications can be found in 
[56]. Corollary 7.2 can also be used to easily recover Vladimirov multidimensional 
generalization [48] of the Hardy-Littlewood-Karamata Tauberian theorem (cf. [3, 
50]). In connection with Example 7.2, see [11, 12, 14, 43] for distributional 
methods in Tauberian theorems for power and Dirichlet series; see [31, 44] for 
applications in prime number theory. 

7.3. Relation between quasiasymptotics in the spaces 2?'(K",£') and 

4S'(R",-E). If an _E- valued tempered distribution has quasiasymptotic behavior in 
the space S'{W^,E) then, clearly, it has the same quasiasymptotic behavior in 
2?'(R",_E). The converse is also well known in the case of scalar- valued distribu- 
tions, but the truth of this result is less obvious. There have been several proofs of 
such a converse result and, remarkably, none of them is simple (cf. [24, 25, 45, 46] 
and especially [58, Lem. 6] for the general case). We provide a new proof of this 
fact, which will actually be derived as an easy consequence of the results from 
Section 4. We begin with quasiasymptotic boundedness. 

Proposition 7.1. Let f G S'{W^,E). If i is quasiasymptotically bounded of 
degree a at the origin (resp. at infinity) with respect to L in the space 2?'(M",_E), 
so is f in the space f G 5'(M", E). 

Proof. We will show both assertions at and 00 at the same time. The 
Banach-Steinhaus theorem implies the existence of i^ G N, C > 0, and Aq > such 
that 



\{iiXt),p{t))\^CX°'L{\) sup 

\t\^l, |m|sj!y 



p(™)(t) , forallpGP(B(0,3)) 



and all < A < Ao (resp. Aq < A), where _B(0,3) is the ball of radius 3. Let now 
(/? G V{B{0, 1)) be such that J^„ ip{t)dt ^ 0. If we take p{t) = y-'''ip{y-^{x - t)) in 
the above estimate, where < y < 1 and |x| ^ 1, we then obtain at once that (4.1) 
is satisfied with k = v + n, and consequently Corollary 4.1 implies the result. D 
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Proposition 7.1, the Banach-Steinhaus theorem, and the density of P(]R") in 
5(M") immediately yield what we wanted: 

Corollary 7.3. If t £ S'{R"',E) has quasiasymptotic behavior in the space 
I?'(R", E), so does f have the same quasiasymptotic behavior in the space iS'(]R", E). 

Corollary 7.3 tells us then that the quasiasymptotics at the origin in <S'(M", E) 
is a local property. Indeed, if fi = f2 in near 0, then we easily deduce that they 
have exactly the same quasiasymptotic properties at the origin in S'CM.'^jE). 

8. Further extensions 

We indicate in this section some useful extensions and variants of the Taubcrian 
results from Section 4. 

8.1. Other Tauberian Conditions. The Taubcrian condition (4.1), occur- 
ring in Theorems 4.1 and 4.2, can be replaced by an estimate of the form (7.9), 
that is, one may use the boundary of some set fi", ^ k < 1 (cf. (7.8)), instead of 
the upper half sphere H"'^^ n §". Specifically, the same argument given in proof of 
Theorem 7.2 applies to show that (4.1) (and hence (3.1)) is equivalent to 

y*" II f f 

(8.1) limsup sup — — -— — ||M^ (Ax, Ay)|| < oo I resp. limsup 

for some ^ k < 1 and fc G N (the k may be different numbers). 

8.2. Distributions with values in regular (LB) spaces. We now explain 
that all the results from Sections 3 and 4 hold if i<^ is a more general locally convex 
space. We assume below that E is the inductive limit of an increasing sequence 
of Banach spaces {£'n}„gN (an (LB) space), that is, E = indlim„^oo(-£'„, || • ||n) , 
where Ei C -E2 C ... and each injection En — > -E„+i is continuous. Particular 
examples are E ~ S' {]&"), Sq{M."),'D'{Y), where F is a compact manifold, among 
many other important spaces arising in applications. 

We start by assuming that E is regular, namely, for any bounded set *B there 
exists no G N such that *B is bounded in Ena- One can find in [19, p. 33] an 
overview of several conditions which ensure regularity of inductive limits. Under 
this assumption, our Abelian and Tauberian theorems from Sections 3-4 for E- 
valued distributions are valid if we replace the norm estimates by memberships in 
bounded subsets of E. For instance, a condition such as (4.1) should be replaced 
by one of the form: There exist fc G N, Ao > 0, and a bounded set *8 C -E such that 
for < A ^ Aq (resp. A ^ Ao) 

k 

(8.2) jJL_.M'^(Xx,\y)e^, \x\^+y' = l; 

and similarly for (3.1) and (8.1). 

As already observed, (8.2) is equivalent to an estimate of the form (4.1) in 
some norm || • ||^ , but the determination of no could be extremely hard to verify 
in applications and thus such a Tauberian condition would have no value in some 
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concrete situations. It is therefore desirable to have more reahstic Tauberian condi- 
tions. We can achieve this if we use the Mackey theorem [38, Thm. 36.2], because 
the condition (8.2) is then equivalent to the following one: There exists fc G N such 
that for each e* G E' 

(8.3) limsup sup --———\{e*,Ml{\x,Xy))\<oo ( rcsp. limsup 

Therefore, a version of Theorem 4.1 with the Tauberian condition (8.3) is valid for 
distributions with values in regular (LB) spaces. Let us point out that the (DFS*) 
spaces are of this kind [19]. 

If wc now suppose that E is Montel, the limit condition (4.5) can be replaced 
by the equivalent one: The existence of the limits 

(8.4) ^hm^ 3^ (e*, M^(A., A,)) G C (resp. ^lim ) , 

for each e* G E' and (x,y) G ]HI"+^ n §", and likewise for (3.2). So we obtain a 
version of Theorem 4.2 in terms of the conditions (8.3) and (8.4). For example, 
this case applies for Silva spaces [34], i.e., when the injections En -^ En+i are 
compact. Silva spaces are of course the (DFS) spaces (strong duals of Frechet- 
Schwartz spaces). 

Let us discuss an example in order to illustrate the ideas of this subsection. 

Example 8.1 (Fixation of variables). Let / G S' {W} x W^) and U) e M". 
Following Lojasiewicz [23], we say that the variable t = to E K" can be fixed in 
/(t, if there exists g G S'(JSf) such that for each r/ G 5(MJ' x Rf) 



lim if [to + At, 0, V{t, 0) = / (5(0, V(t, 0) dt. 

We write f{to,0 — .9(0, distributionally. The nuclearity of the Schwartz spaces 
implies that 5'(MJ' x Rf) is isomorphic to S'{R'^,E), where E = S'{Rf), a (DFS) 
space. Actually, the latter tells us that fixation of variables is nothing but the notion 
of Lojasiewicz point values itself for i?-valued distributions (cf. [22, 13, 42] for 
Lojasiewicz point values). Therefore, the (DSF) space- valued version of Corollary 
4.2 implies that if (/3 G 5(R") with J^„ ip{t)dt ^ 0, then the variable t = to can be 
fixed in /(t, £_) if and only if there exists k such that for each p G iS'(M?') 

limsup sup y'' l(/(to + Aa:; + Ayt,^),</?(t)p(^))l < oo, 

(x,y)eM" + ^ 

and hmA^o+ (./ {h + >'X + Xyt, ^) , (p{t)p{^)) exists for aU (x, y) G H"+i n §". 

Remark 8.1. It is weU known [17] that the projection tt : K" x K™ -^ {to} x 
M", 7r(t,0 = (^0,0, defines the pull-back 

S'{W; X RT) 3 /(t,0 ^ /(to,0 := ^*./(e) e S'iRT) 
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if the wave front set of / satisfies WF{f) n {(to, C, '7,0) : ^ e R"^ , r] e M.''} ^ 0. 
Thus the result given in Example 8.1 is interesting because we give a necessary and 
sufficient condition for the existence of this pull-back. 

A. Appendix 
Relation between quasiasymptotics in Sq{M.''\E) and S'{M.",E) 

The purpose of this Appendix is to state two propositions which establish the 
precise connection between quasiasymptotics in the spaces iSq(M", E) and iS'(K", E). 
Such a relation was crucial for the arguments given in Section 6. Propositions A.l 
and A. 2 below are multidimensional generalizations of the results from [47, Sec. 
4] and their proofs are based on recent structural theorems from [41]. We assume 
again that i<^ is a Banach space. 

Proposition A.l. Lett G iS'(]R",i?) have quasiasymptotics behavior of degree 
a at the origin (resp. at infinity) with respect to L in S^{M.",E), i.e., for each 
p G iSo(R") the following limit exists 

(A.l) lim --I— (f(At),p(t)) mE (resp. lim 

A-5-0+ A"-L(Aj \ A^oc 

Then, there is g G S'{W\E) such that: 

(i) If a ^ N, g is homogeneous of degree a and there exists an E-valued 
polynomial P such that 

(A.2) f (At) - P(At) - A"L(A)g(t) m S'{MJ',E) as A ^ 0+ {resp. A -^ oo). 

(ii) If a = p Cz N, g is associate homogeneous of order 1 and degree p (cf. [10, 
p. 74], [37] j satisfying 

(A.3) g(at) = aPg(t) + a^loga ^ t^v^, for each a > 0, 

\m\—p 

for some vectors v^ lE E, \m\ — p, and there exist an E-valued polyno- 
mial P and associate asymptotically homogeneous E-valued functions Cm, 
\m\ — p, of degree with respect to L such that for each a > 

(A.4) c,„(aA) = c(A) + i(A) logo v^ + o{L{\)) as A -> 0+ {resp. A ^ oo) 

and f has the following quasiasymptotic expansion 

(A.5) f(At) =P(At) + APi(A)g(t) + AP V t"" c„,{\) + o {X^ L{\)) inS'{M.",E) 



E 

\'m\—p 



as A — > 0+ (resp. A — > ooj. 

Proof. Let 5"(M") be the image under Fourier transform of iSo(K"). Then, 
4S°(R"') is precisely the closed subspace of iS(M") consisting of test functions which 
vanish at the origin together with their partial derivatives of any order. Thus, if 
we Fourier transform (A.l) and employ the Banach-Steinhaus theorem, we obtain 
the existence of ho G 5" (R",_E) such that the restriction of f to 5°(]R") satisfies 

f (A-i?i) - A"+"L(A)ho(w) in 5"'(R", E) 
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as A ^ 0+ (rcsp. A -^ oo). The result then follows from [41, Thm. 3.1], after 
taking Fourier inverse transform. D 

The proof of the following proposition is completely analogous to that of Propo- 
sition A.l, but now making use of [41, Thm. 3.2] instead of [41, Thm. 3.1]; we 
therefore omit it. 

Proposition A. 2. Lett G S'{R",E) be quasiasymptotically hounded of degree 
a at the origin (resp. at infinity) with respect to L in Sq{M",E). Then: 

(i) If a ^ N, there exists an E-valued polynomial P such that f — P is quasi- 
asymptotically bounded of degree a at the origin (resp. at infinity) with 
respect to L in the space S'{W^,E). 
(ii) // a = p G N, there exist an E-valued polynomial P and asymptotically 
homogeneously bounded E-valued functions Cm, \m\ — p, of degree with 
respect to L such that f has the following quasiasymptotic expansion 



E 

\m\—p 



(A.7) f(At)=P(At) + AP V i™c™(A) + 0(APL(A)) inS\R",E) 



as A — > 0+ (resp. A — !> ooj. 
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